Abstract. We present an example showing that a family of Riemann surfaces obtained by a general plumbing construction does not necessarily give local coordinates on the Teichmüller space.
Introduction
The following well-known construction gives a holomorphic family of punctured Riemann surfaces of genus g with n punctures.
Fix a maximally degenerated Riemann surface X 0 of genus g with n punctures. The irreducible components of X 0 are triply-punctured Riemann spheres S i , i = 1, ..., d = 2g − 2 + n; some pairs of punctures are glued together to form m = 3g − 3 + n double points; and n remaining punctures are the punctures of X 0 .
Choose local coordinates around 2m punctures corresponding to the double points of X 0 by fixing 2m open embeddings z i , w i : D -X 0 , i = 1, . . . , m, of the unit disc D = {z||z| < 1} so that z i (0) and w i (0) correspond to the same i-th double point of X 0 . We assume the following disjointness property for the embeddings z i , w j . (DIS) The images of the open embeddings z i , w j have no intersection, except for the double points z i (0) = w i (0). The choice of the coordinates gives rise to a family X = {X t } of (nodal) genus g Riemann surfaces with n punctures, based on D m ; for t = (t 1 , . . . , t m ) the Riemann surface X t is obtained by replacing the neighborhood of the i-th doble point given by the equation z i w i = 0 with the surface given by the equation
The described above family can be presented as a flat morphism π : X -D m of analytic spaces, so that X t identifies with the fiber π −1 (t). The fiber X t is nonsingular for t = (t 1 , . . . , We have therefore a holomorphic map α from B to the moduli stack M g,n .
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In this note we show that the map α : B -M g,n is not necessarilyétale(=a local isomorphism). This seems to contradict Corollary on p. 346 of A. Marden's account of his work with C. Earle (see [4] ):
For an arbitrary choice of local coordinates at the double points of X 0 , the map B -T g,n /Γ, Γ being the subgroup generated by the Dehn twists around the preimages of the double points, is a local isomorphism.
For the horocyclic coordinates at the double points, the claim of the above statement follows from the theorem at p. 345 of Marden's paper [4] (see Kra [3] for a detailed study of horocyclic coordinates).
As it was kindly pointed to us by the referee, this easily implies the following weaker version of the claim which could have been what Marden had really in mind:
1.1. Corollary. For an arbitrary choice of local coordinates at the double points of X 0 , the map β : B -T g,n /Γ provides local coordinates for the quotient space T g,n /Γ in a neighborhood of zero.
The reasoning is as follows. Let β EM : B -T g,n /Γ be the map based on the horocyclic coordinates (B is now a neighborhood of 0 in the punctured polydisc). The composition
-B extends to a holomorphic map of the polydiscs preserving the coordinate hyperplanes. This implies that the Jacobian matrix of the map at zero is diagonal. Since one circuit around j-th coordinate corresponds in both polydiscs to the same Dehn twist, the diagonal entries of the Jacobian matrix are nonzero. This implies Corollary 1.1.
Another proof of Corollary 1.1, based on the deformation theory, can be found in [1] , 5.3.7.
We say that a family of curves π : X -B provides a local chart near t ∈ B if the corresponding map α : B -M g,n isétale at t. Earle-Marden coordinates provide a local chart at any point (and even global coordinates). However, these coordinates do not meet the disjointness assumptions (DIS). This is sometimes inconvenient.
The following result of [1] , Section 5.3.5-5.3.6, shows that the the local coordinates based on the plumbing construction satisfying (DIS) cover the whole Teichmüller space.
1 A choice of marking on the maximally degenerate curve X 0 gives a lifting of α to a map β : B -T g,n /Γ, Γ being the subgroup of the modular group generated by the Dehn twists around the preimages of the double points. There is no difference for us which one of the maps α or β to consider.
Theorem. Let X ∈ M g,n . Then there exists a choice of local coordinates for disjoint neighborhoods of the punctures of the triply-punctured spheres, for which X lies in the image of the local chart.
The counterexample
2.1. Kodaira-Spencer calculation. Let π : X -B be the family of Riemann surfaces constructed from a choice of a maximally degenerate Riemann surface X 0 and a collection of local coordinates around the punctures. Let t ∈ B and put X = X t .
We wish to describe the map of the tangent spaces induced by α at t. The tangent space to α(t) is, according to Kodaira-Spencer, the first cohomology H 1 (X, T ) of X with the coefficients in the sheaf of holomorphic vector fields on X vanishing at the punctures.
Let τ = (τ 1 , . . . , τ m ) be the tangent vector at t ∈ B. It is easy to write down theČech cocycle corresponding to τ . The curve X is covered by the pairs of pants P i obtained from the triply-punctured sphere S i by cutting discs {z||z| < |t j |} if j-th double point corresponds to a puncture of S i . Each double point in X 0 corresponds to an annulus A j in X t defined in the coordinates z j or w j by the inequality |t j | < |z j | < 1 or, what is the same, |t j | < |w j | < 1. Using the formulas (4.10) of [2] , 4.2, we get that the tangent vector τ is sent to the cohomology class defined by theČech cocycle assigning to each annulus A j the vector field
It is not, however, very easy to decide, in general, whether the cocycle (1) defines a non-zero element in the cohomology.
2.2.
The case g = 0, n = 4. We will construct a counterexample in the first nontrivial case g = 0, n = 4. Here m = 1 and X 0 is a union of two triplypunctured spheres. In this case X is a sphere with four punctures and there is a very easy way of determining non-triviality of a one-cocycle. In fact, for
where w is the standard coordinate in P 1 C . Then a cocycle is non-trivial iff its pairing with q is nonzero.
In order to make explicit calculations, we will change the setup.
be a holomorphic open embedding, so that P 
The Riemann sphere (P 1 C ; a, b, c, ∞) with four punctures can be obtained by a plumbing construction from two triply punctured spheres as follows. The first sphere P 1 is obtained by gluing the disc {z|1 + ε > |z|} to X via the identification z ∼ ϕ(z) for z ∈ L. The punctures of P 1 are w = a, b in X and the point z = 0. The second sphere P 2 is obtained by gluing the disc {z|1 − ε < |z| ≤ ∞} to Y via the same identification z ∼ ϕ(z), z ∈ L. The punctures of P 2 are w = c, ∞ in Y and the point z = ∞. The plumbing coordinates are z 1 = z 1+ǫ
for P 1 and w 1 = 1−ǫ z for P 2 . For the value of plumbing parameter t = 1−ǫ 1+ǫ the annuli t < |z 1 | < 1 and t < |w 1 | < 1 identify with L and give P 1 C with the punctures w = a, b, c, ∞ as required.
Note that our presentation of (P 1 C , a, b, c, ∞) as a result of plumbing construction does not allow to get explicit formulas for the plumbing parametra z 1 , w 1 in terms of the standard coordinates in P 1 and P 2 . But this is the price we pay for having an explicit coordinate w in the resulting four-punctured sphere. The intersection of two pairs of pants covering our Riemann surface is the image ϕ(L) of the annulus L. The vector field on ϕ(L) is proportional to z d dz in the z-coordinate of L. Thus, its pairing with the nontrivial quadratic differential (2) is given by the integral
the integral being taken along the unit circle.
2.3. The counterexample. We wish to find ϕ, a, b, c such that the integral (3) vanishes. We will be looking for ϕ given by the formula
where R ∈ C is outside the unit circle, so that the function ϕ, restricted to the unit circle, is an open embedding. A way to ensure the relative position of a, b, c with respect to ϕ(L) is the following. We will choose a = ϕ(A), b = ϕ(B), c = ϕ(C), so that
The integral (3) can be now easily calculated. The result is
which is equal to, up to the constant 4πi, Opening the brackets and dividing by A − B, we get (9) A = C(R − B)(C − 2R) C 2 − 2RC + RB .
We will show now the equation has a solution satisfying the constraints (5). Choose B, R such that |B| < 1, |R| > 1 but |R − B| < 1. If we make C tending to infinity, A with tend to R − B. This proves there exist values of the parameters satisfying the constraints and making the integral vanish.
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